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1 Introduction 

Path ideals of graphs were first introduced by Conca and De Negri [3] in the context of monomial 
ideals of linear type. Simply put, path ideals are ideals whose monomial generators correspond to 
vertices in paths of a given length in a graph. Conca and De Negri showed that path ideals of trees 
have normal and Cohen-Macaulay Rees rings. More recently Bouchat, Ha and O'Keefe 1 1 1 and He 
and Van Tuyl [7] studied invariants related to resolutions of path ideals of certain graphs. 

In his thesis, Jacques El used beautiful techniques to compute Betti numbers of edge ideals of 
several classes of graphs. Edge ideals can be considered as path ideals of length 2. 

Our paper extends Jacque's techniques to higher dimensions. Essentially, we consider the path 
ideal of a graph as a disjoint union of connected components. We then use homological methods 
to glue these components back together, and using Hochster's formula we compute all graded Betti 
numbers, projective dimension and regularity of path ideals of cycles and lines. Our paper extends 
the results of Bouchat, Ha and O'Keefe [ 1], where they compute some special cases of these Betti 
numbers, and gives a new proof (as a corollary of our main theorem) of the formula for the projective 
dimension in the case of lines that appears in He and Van Tuyl Q. 

The paper is organized as follows. In Section 2 we recall some notation and basic algebraic and 
combinatorial concepts used in other next chapters. In Section 3 we study the connected components 
of path ideals which will provide us with the key to our homological computations later in Section 
4. Section 5 is where we apply the homological results of Section 4 along with some combinatorics 
to compute all the Betti numbers and projective dimension of path ideals of lines and cycles. 

While working on this paper the computer algebra systems CoCoA fTTl and Macaulay2 
were used to test examples. We acknowledge the immense help that they have provided us in this 
project. 

2 Preliminaries 

Throughout we assume that K is a field and R = K [xi, . . . , x„] is a polynomial ring in n variables. 
Simplicial complexes and monomial ideals 

Definition 2.1. An abstract simplicial complex on vertex set X = {xi, . . . , x„} is a collection A 
of subsets of X satisfying 
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i. {xi} G A for all i, 

ii. FeA,GcF^GeA. 

The elements of A are called faces of A and the maximal faces under inclusion are called facets 
of A. We denote the simplicial complex A with facets Fi,. . . ,Fs by {Fi, . . . , Fg). We call 
{Fi, . . . , Fg} the facet set of A and is denoted by F{A). The vertex set of A is denoted by Vert( A). 

Definition 2.2. A subcollection of a simphcial complex A with vertex set X isa simpUcial complex 
whose facet set is a subset of the facet set of A. For y C X, an induced subcollection of A on y, 
denoted by Ay, is the simplicial complex whose vertex set is a subset of y and facet set is 

{F e F{A) \Fcy}. 

If F is a face of A = (Fi, . . . , F^), we define the complement of F in A to be 

F^ = X\F and A% = {{F^)% , . . . , {Fg)%) . 
Also if A" C Vert(A), then A%, = (A^-)^. 

Definition 2.3. Let R = K [xi, . . . , x„] be a polynomial ring over a field K, and / an ideal in 
R minimally generated by square-free monomials mi, . . . , mg. One can associate two simphcial 
complexes to /. 

i. The Stanley-Reisner complex A/ associated to / has vertex set V = {xi \ Xi ^ 1} and is 
defined as 

Ai = {{xij^,...,Xi^} \ii <i2< ■■■ < ik,Xii ...Xi^ ^ I}, 
n. The facet complex A(/) associated to / has vertex set {xi, . . . , Xn} and is defined as 
A(/) = {Fi, . . . , Fs) where Fj = {xj \ Xj\mi, 1 < j < n}, 1 <i < s. 

Conversely to a simplicial complex A one can associate two monomial ideals. 

Definition 2.4. Let A be a simplicial complex with vertex set xi, . . . , x„ and R = K [xi, . . . , x„] 
be a polynomial ring over a field K. 

i. The Stanley-Reisner ideal of A is defined as 

/^ = (J]x|F^ A). 

n. The facet ideal of A is defined as 

/(A) = ( JJ X I F is a facet of A). 

Note that there is a one-to-one correspondence between monomial ideals and simplicial com- 
plexes via each of these methods. 

Definition 2.5. Let A be a simplicial complex with vertex set X. The Alexander Dual A* is 
defined to be the simplicial complex with faces 

A* = {F c I F^ is not face of A}. 
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To prove some of the results in this paper we need the definition of a cone and its properties. 

Definition 2.6. Let Ai and A2 be two simplicial complexes on disjoint vertex sets V and W. The 
join Ai * A2 is the simplicial complex on F |J 14^ with faces F U G where F G Ai, G G A2. The 
cone Cn(A) of A is the simplicial complex uj * A, where is a new vertex. 

Given a simplicial complex A, we denote by C.(A) the reduced chain complex and by Hi{A) = 
Zi{A) / Bi{A) the i - th reduced homology groups of A with coefficients in field K. For the proof 
of the following fact, see for example Villarreal [12], Proposition 5.2.5. 

Proposition 2.7. If A is a simplicial complex we have Hi{Cn{A)) = Ofor all i. 



Betti numbers 

For any homogeneous ideal I of the polynomial ring R = K[xi, . . . , Xn] there exists a graded 
minimal finite free resolution 

^ 0i?(-d)^p-'* ^ > ^R{-df^''' ^ R/I ^0 

d d 

of R/I in which R{—d) denotes the graded free module obtained by shifting the degrees of elements 
in R by d. The numbers /3j which we shall refer to as the i-th N-graded Betti numbers of degree 
d of R/I, are independent of the choice of graded minimal finite free resolution. 

For computing the N-graded Betti numbers of the Stanley-Reisner ring of a simplicial complex 
we use an equivalent form of Hochster's formula. 

Theorem 2.8. Let R = K\ Xi, . . . , Xn] be a polynomial ring over a field K, and I be a pure square- 
free monomial ideal in R. Then the N-graded Betti numbers of R/I are given by 

f3i,d{R/I)= Yl dim^5,_2(%,,(r)) 

rcA{i),\Vert{r)\=d 

where the sum is taken over the induced subcollections T of A{I) which have d vertices. 
Proof. Hochster's formula (see for example Corollary 5.12 of 0) says 

l3i,d{R/I)= Yl diniK Hd-i-i{{Aj}w) 

Wcyert{Ai),\w\=d 

where {A/}vi/ = {F E Aj \ F C W}. On the other hand from 121 Lemma 5.5.3 we have 

({A,}h/) ^ H'-\{Aj}w*) = Hi^2{{Ai}w*). (2.1) 

Suppose mi,m2,. . . , is a minimal monomial generating set for / and correspondingly, 
A(I) = {Fi,..., Fs). We now claim {Ai}w* = {A{I)w)w for ^ ^ Vert(A/). 

Fe{Aj}w* ^W\F ^{Aj}w 
^ W\F ^ Ai 

<S=^ n X e I = {mi,m2, . . ■ ,mr) 
x£W\F 

ms\ Y\_ a;, for some s G {1, . . . , r} 

xeW\F 

-^=> Fs C W\F C W, for some s G {1, . . . , r} 

^F C W\Fs G {A{I)w)w^ for some s G {1, . . . , r}. 
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Now Hochster's formula and (2.1 1 imply that 
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Pi4{R/I) = Yl dimKHi_2{{Ml)wfw)- 

VKcVert(A),|vy|=(i 

If we assume Vert(A(/)vy) / W then clearly we have (A(/)vi/)^ is a cone and by Proposition 
it contributes zero to the sum. So we have 

rcA(/),|Vert{r)|=d 

where the sum is taken over the induced subcoUections F of A(/) which have d vertices. □ 



Based on Theorem 2.8 from here on all induced subcoUections F = Ay of a simplicial complex 



A that we consider will have the property that y = Vert(F). 

3 Path ideals and runs 

We now focus on path ideals, path complexes, and their structures. 

Definition 3.1. Let G = {X, E) be a finite simple graph and t be an integer such that t > 2. 
If X and y are two vertices of G, a path of length {t — I) from x to y is a sequence of vertices 
X = Xij^, . . . ,Xi^ = y of G such that {xi^ , Xi-^^^ } G ^ for all j = 1, 2, . . . , t — 1. We define the 
path ideal of G, denoted by It{G) to be the ideal of K[xi, . . . , x„] generated by the monomials of 
the form Xi^Xi^ ■ ■ - Xi^ where x^^, Xjj, . . . , Xi^ is a path in G. The facet complex of It{G), denoted 
by At{G), is called the path complex of the graph G. 

Two special cases that we will be considering in this paper are when G is a cycle C„, or a line 
graph Ln on vertices {xi, . . . , Xn}- 

Cn = {XIX2, ■ ■ ■ ,Xn-lXn,XnXl) and L„ = {xiX2, ■ ■ ■ , Xn-lXn) ■ 

Example 3.2. Consider the cycle C7 with vertex set X = {xi, . . . , X7} 




Then we have 

hiCr) =(3:1x2x3x4, X2X3X4X5, X3X4X5X6, X4X5X6X7, X1X5X6X7, X1X2X6X7, X1X2X3X7) 

A4(C7) =({xi, X2, X3, X4}, {X2, X3, X4, X5}, {X3, X4, X5, Xq} , {X4, X5, Xq, X7}, 
{xi,X5,X6,X7},{xi,X2,X6,X7},{xi,X2,X3,X7}). 

Notation 3.3. Let i and n be two positive integers. For (a set of) labeled objects we use the notation 
mod n to denote 

Xi mod n = {xj \ 1 < j < n,i = j mod n} 

and 

{xui,Xu2, ■ ■ ■ ,Xut} mod n = {x„ mod n | j = 1, 2, . . . , n}. 



4 



Note 3.4. Let C„ be a cycle on vertex set X = {xi, . . . , x„} and t < n. The facets of the path 
complex A((C„) = (-Fi, . . . , F„) can be labeled as 

Fi = {Xi, . . .,Xt], . . .,Fn-(t-l) = {Xn-{t~l), ■ ■ -^Xn], . . . , Fn = {xi, . . . 

such that Fi = . . . ,Xij^t-i} mod n for all 1 < i < n. This labeling is called the 

standard labeling of Ai(C„). 

Since for each 1 < i < n we have 

Fj+i \Fi = {xt+i] and Fi \ Fi+i = {xi} mod n, 

it follows that |Fj\Fj+i| = l and |Fj+i\Fj| = l mod n for all 1 < i < n — 1. 

It is clear that each induced subgraph of a graph-cycle is a disjoint union of paths. Borrowing 
the terminology from S. Jacques [8 |, we call the path complex of a line a "run", and show that every 
induced subcoUection of the path complex of a cycle is a disjoint union of runs. 

Definition 3.5. Given an integer t, we define a run to be the path complex of a line graph. A run 
which has p facets is called a run of length p and corresponds to At{Lp-^-t-l). Therefore a run of 
length p has p + t — I vertices. 



Proposition 3.6 below shows that every proper induced subcoUection of a path complex is a 
disjoint union of runs. 

Proposition 3.6. Let Cn be a cycle with vertex set X = {xi, . . . .Xn} and 2 < t < n. Let T be 

a proper induced connected subcoUection of At{Cn) on U X. Then T is of the form Af(L|p|), 
where L|p| is the line graph on \T\ vertices. 

Proof. Suppose At(C„) = {Fi, . . . , F„) has standard labeling and T = {Fi^, . . . , Fi^). It is clear 
that there exists the facet G T for 1 < a < n such that Fa+i ^ F mod n, because otherwise 
r = Aj(Cn). Therefore from Note 3.4 we have 

{xa.Xa+i,. ■ ■ ,Xa+t-i] (^U and Xa+t^U. (3.1) 

Let r be the largest non-negative integer such that Xa-i € U mod n for < i < r so that 

Xg—r—l}^ Xa—n • • • ) Xa—1, X^, Xa+1, • • • , Xa+t—li ^^o+t • 

(^U eU iU (3.2) 

It follows that since F is an induced subcoUection of A((C„) on U, Fa-r, Fa-r+i, . . . , Fa £ F. We 
now show that 

Fi ^ F for alH ^ {a — r, a — r + 1, . . . , a} mod n. 

This follows from the fact that F is connected: if any Fi (except for a—r < i < a mod n) intersects 
some of the facets Fa-r, ■ ■ ■ ,Fa mod n, then it must contain Xa-r-i or Xa+t (as otherwise it would 
be one of Fa-r, ■ ■ ■ ,Fa mod n), and hence Fi ^ F. 
We have therefore shown that 

F = {Fa-r, Fa-r+1, ■ ■ ■ , Fa) mod 71. 

Next we prove F = At{Lp\). Without loss of generality we can assume that a — r = 1, so that 
F = {Fi, . . . , Fr+i). Since F / At(C„) we can say that r + 1 < n and therefore we have 

Vert(F) = {xi,X2, Xr+t}- 
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Since F is induced and proper we have r + t < n, and therefore we can conclude that 

□ 

Example 3.7. Consider the cycle Cj on vertex set X = {xi, . . . xy} and the simplicial complex 
A^lCj). The following induced subcoUections are two runs in A4(C7) 

Al = {{xi,X2,X3,Xi},{x2,X3,Xi,X5}) 

A2 = {{xi,X2,XQ,X7},{xi,X2,X3,X7},{xi,X2,X3,Xi}). 

Lemma 3.8. Let T and A be two induced subcoUections of A((C„) = (Fi, F2, . . . , Fn) which 
are both composed of runs of lengths si, . . . ,Sr- Then T and A are homeomorphic as simplicial 
complexes. In particular the two simplicial complexes and are homeomorphic and have the 
same reduced homologies. 

Proof. First we suppose At{Cn) = {Fi,F2, . . . , F„) has standard labeling. If we denote each run 
of length Si in F and A by Ri and R'-, respectively, we have 

T = {Ri,R2,..., Rr) and A = {Ri\ R2' , Rr) 

where, using the standard labeling, for 1 < ji, hi < n we have 

Ri = {Fj^,Fj^+i, Fj^+s,-i) and i?/ = {Fh^,Fh^+i, mod n. 
Then clearly 

r r 

Vert(F) = y Vert(i?i) = [j{xj^,Xj^+i, Xj^+s,+t-2} 

1=1 i=l 

and 

r r 

Vert(A) = |JVert(i?i') = [J{xh,,Xh,,+i, ■ ■ ■ ,Xh,+s,+t-2}- 

i=l i=l 

Now we define the function if : Vert(F) — > Vert(A) where 

ip{xj^+u) = Xhi+u for < u < Si + t - 2. 

Since 93 is a bijective map between vertex set F and A which preserves faces, we can conclude F 
and A are homeomorphic. Therefore, two simplicial complexes F^ and A'^ are homeomorphic as 
well and have the same reduced homology. □ 



Therefore, by applying Theorem 2.8 and Lemma 3.8 all the information we need to compute 
the homologies of induced subcoUections of Aj(C„) depends on the number and the lengths of the 
runs. 

Definition 3.9. For a fixed integer t > 2, let the pure {t — 1) -dimensional simplicial complex 
F = {Fi, . . . , Fs) be a disjoint union of runs of length si, . . . , s^.. Then the sequence of positive 
integers si, . . . , is called a run sequence on 3^ = Vert(F), and we use the notation 

E{si,...,Sr)=T'y = {{F,)'y,...,{Fsry). 
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4 Reduced homologies for Betti numbers 



Let / = It{Cn) be the path ideal of the the cycle C„ for some t > 2. By applying Hochster's 



formula (Theorem 2.8 1, we see that to compute the Betti numbers of R/I, we need to compute the 
reduced homologies of complements of induced subcollections of A. This section is devoted to 
complex homological calculations. The results here will allow us to compute all Betti numbers of 
R/I (and more) in the sections that follow. We begin by recalling the Mayer- Vietoris sequence; for 
more details see for example Hatcher [6| Chapter 2. 

Suppose A is a simplicial complex and Ai and A2 are two subcollections such that A = 
Ai U A2. We have the exact sequence of the chain complexes 

^ C.(Ai n A2) ^ C.(Ai) © C.(A2) ^ C.(A) ^ 

which produces the following long exact sequence, called the Mayer- Vietoris sequence 

> Hi{Ai n A2) ^ Hi{Ai) © Hi{A2) ^ Hi{A) ^ 5i_i(Ai n A2) ^ . . . . 

We make a basic observation. 

Lemma 4.1. Let Ei, . . . , Es be subsets of the finite set V where s > 2 and suppose that 8 = 
{{Ei)y, {E2)y, {Es)y). Then for any i we have 

s 

i. Suppose V\\jEj^%. If 81 = {{EiYy) and 82 = ((^2)^, {Esfy) then 

i=2 

Hi{8) = Hi{8i U 82) = ^^^-l{8^ n 82) 

= ^I^-MEl U S2)y, (^1 U Esfy)) 
= Hi-l{{{E2)\y\E^y {Es)\y\Ei)))- 

ii. IfEa C Ebfor some a^h, then 8 = {{Ei)l, ... , (£'f,)y , . . . , 

The decomposition 8 = 8iU 82 described above is called standard decomposition of 8. 

Proof. The proof of ii is trivial so we shall only prove i. 

s 

Since 81 is a simplex, we have IIi{8i) = 0. Also since F \ £'j / we have 82 is a cone, so 

j=2 

from Proposition |2.7 1 we conclude 

Hi{82) = OforalH. 

Now 8ir\ 82 = ((-El U £'2)v', (-El U so by applying the Mayer- Vietoris sequence we 

reach the following exact sequence 

> Hi{8i) © Hi{82) m8) Hi^i{8i n 82) Hi-i{8i) © -^,-1(^2) ^ • • • 

which implies that 

H,{8iU82)^H,^i{8ir\82) 

= H^-MEl U E2)'y, (i?l U E.fy)). 

□ 
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Proposition 4.2. Let V = {Ei, . . . , Eg) be a pure simplicial complex of dimension t — 1 over the 
vertex set V = {xi, . . . , x„} where 2 < t < n. Suppose the connected components ofT are runs of 
lengths si, . . . , Sr. and £ = E{si, . . . , Sr)- Let sj = {t + l)pj + dj where pj > and < dj < t 
and 1 < j < r. Then for all i, we have 

i. Ifsj>t + 2then Hi{£)) ^ Hi-2{E{si, . . . , sj - {t + I), . . . , Sr)); 

a. Ifdj / 1, 2 then Hi{£) = 0; 

in. If Sj = 2 and r > 2 then Hi{£) = Hi^2{E{si, . . . , Sj-i, Sj+i, • • • , Sr)); 

iv. If Sj = 1 and r > 2 then Hi{£) = Hi^i{E{si, . . . , Sj-i, sj+i, . . . , Sr))- 

Proof. We assume without loss of generality that Ei, . . . , Eg are ordered such that Ei, . . . , Eg are 
the facets of the run of length sj, and they have standard labeling 

El = {xi,X2,...,xt},E2 = {x2,X3,...,xt+i},...,Es^ = {xg^ , Xgj+i, . . ■ , Xg^+t-i} mod n. 
Wehavef = {{Ei)y,{E2)y, ■..,{Es)y). Sincexi G y\U^^2 -^j there is a standard decomposition 

£ = {{E,ry)u{{E2rv,...,{Esrv)- 

From Lemma 4.1 (i), setting V = V \ {xi,X2, • • • , xt}, we have 

Hi{£) ^ #,_i(((i?2)^, . . . , (4.1) 



If s, > t + 2 from (4.1 1 we have 



H,{£)) = Hi^li{{Xt+iry,,{Et+2ry„ . . . , (Esry,)) 

and since the following is a standard decomposition 

{{xt+iVy,) u m+2rv', • • • , {Es.Tv',- ■ ■ > (EsTv) 



(4.2) 



from (4.2 1, Lemma 4.1 (i) and by setting V" = V \ {xi,X2, ■ . ■ , xt+i}, we have 
Hi{£) = Hi^2{{{Et+2)v", ■ ■ ■ , iEsj)v": • • ■ > {Es)v"))- 

Now the connected components of {Et+2, ■ ■ ■ , Eg) are runs of lengths si, . . . , Sj — (t + 1), . . . , s^, 
and and therefore we can conclude that for all i 

Hi{£) = Hi^2{E{si, ...,Sj-{t + l),..., Sr)). 



This settles Case (i) of the proposition. Now suppose 1 < < i + 2. In this case by (4.1 1 and 



Lemma [41] (i) and (ii) we see that 

Hi{£) ^ H.^iiiixt+iYy,, {Eg^+iTv,. ■ ■ > {Egfy,)) for all i. 
1. If Sj > 3 since Xg^^t-i ^ V \ (Ui=s +i Ei U {xt+i}) the simplicial complex 

{{Xt+l}v>, iEg. + l)vl, . . . , {Eg)y,) 



(4.3) 



is a cone and by Proposition 2.7 and (4.3 1 we have Hi{£) = for all i. 



2. If Sj = 2 and r > 2, since xt+i £ V \ (IJi=s^+i ^i) we have 

{{xt+,rv,)um^+^rv,,...,iEsrv') 



is a standard decomposition and then by Lemma 4. 1 and (4.3 1 we have 

= Hi-2iE{si, . . . ,Sj-i,Sj+i, . . . ,Sr)) for alii. 

This settles Case (iii). 



3. If Sj = 1 and r > 2 since £^1 n -B/i = for 1 < /i < s, and from (4.1 1 we have 
Hi{£) ^ Hi^i{E{si, . . . Sj^i, Sj+i, Sr)) for all i. 
This settles Case (iv). 

To prove (ii), we use induction on pj. If pj = 0, then dj = sj > 1. From above we know that 
Hi{£) = if 3 < Sj < t, and we are done. Now suppose pj > 1 and the statement holds for all 
values less than pj. We have two cases: 

1. If Sj < t + 2, then since pj > 1, we must have pj = 1, dj = 0, and Sj = t + 1. It was proved 
above (under the case 3 < Sj < t + 2) that Hi{£) = 0. 

2. If Sj>t + 2, by (i) we have 

Hi{£) ^ Hi_2{E{si, ...,{t + l){pj - l) + dj,..., Sr)) = when dj + 1, 2. 

This proves (ii) and we are done. □ 

We conclude that for computing the homology of the induced subcoUections of path complexes 
of cycles or lines, the only cases which have to be considered are those of runs of length one or two. 
We now set about computing these. 

Proposition 4.3. Let t and n be integers, such that 2 < t < n. Let a, /3 > and consider 

£ = E{{t + l)pi + 1, . . . , (t + IK + h{t+ l)qi + 2,...,{t + l)qfs + 2) 
for nonnegative integers pi . . . ,pa,qi, . . . jQp. Then 



Hi{£) 



K i = 2{P + Q) + 2p + a-2 
otherwise 



where P = Y.i=i Pi ^nd Q = Yli=i Qi- 

From here on, we use the notation E{1°', 2^^) to denote the complex £ described in the statement 



of Proposition 4.3 in the case where all the p's and q's are zero; i.e. the case of a runs of length one 



and P runs of length two. 

Proof. First we prove the two cases q = 0, /3 = 1 and a = 1, /3 = 0. 
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1. If a = 1, /3 = 0, then £ ^ {V \ {xi,X2, xt}) = {0} where V = {xi, xt}, and 
therefore 

K i = -l 

otherwise. 



Hi{£) 



2. If a = 0, /3 = 1, then f ^ {{{xi, X2, ■ ■ ■ , xt})y, {{x2, . . . , xt+i})y) = {{xt+i} , {xi}) 
where V = {xi, . . . , xt+i}. Since £ is disconnected, we have 



K i = 

otherwise. 



To prove the statement of the proposition, we use repeated applications of Proposition 4.2 (i), pi 



times to the first run, p2 times to the second run, and so on till qp times to the last run as follows. 

Hi{£) = Hi{E{{t + l)pi + 1, . . . , (t + l)pa + l,{t + l)qi +2,...,{t + l)q^ + 2)) 

^ H^.2{E{{t + l)(pi - 1) + 1, . . . , (t + l)pa + 1, (t + l)qi + 2, . . . , (t + l)qp + 2)) 



Fi„2(p+Q)(^(l", 2^)) apply Proposition |4;2](iv) 



Hi^2{P+Q)-cx{E{2P)) apply Proposition |4^(iii) 

Hi-2{P+Q)-a-2p+2{E{2)) apply Case 2 above 

K i = 2(P + Q) + a + 2/3- 2 
otherwise. 



□ 



An immediate consequence of the above calculations is the homology of the complement of a 
run, or equivalently, the path complex of any line graph. 

Corollary 4.4. Let t, p and d be integers such that t > 2, p > 0,and < d < t. Then 

K d = l, i = 2p-l 
Hi{E{{t + l)p + d)) = { K d = 2,i = 2p 

otherwise. 



Proof. By Proposition 4.2 (ii), if d 7^ 1, 2 the homology is zero. In the cases where d = 1,2, the 



result follows directly from Proposition 4.3 □ 



We end this section with the calculation of the homology of the complement of the whole path 
complex of a cycle; this will give us the top degree Betti numbers of the path ideal of a cycle. We 
will first need a technical lemma. 

Lemma 4.5. Let R = K\ Xi, . . . , Xn\ be a polynomial ring over a field K, and suppose I^tiCn) — 
{Fi,F2, . . . ,Fn) is the path complex of a cycle Cn with standard labeling. Leta,k,s,t G {1, . . . ,n} 
be such that k < t, and a + s + t—1 < n. Suppose s = (t +l)p + d where p > and < d < t+1. 
Set V = {x 

£ = ((^a)y, • • • 1 {Fa+s-l)v ^ {Xa+s+t-k, Xa+s+t-k+l, • • • j ^a+s+t-l Yv)- 

Then for all i we have 

K d=l,i = 2p 

Hi{£)={ K d = k + l,i = 2p + l 

otherwise. 
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Proof. Without loss of generality we can assume a = 1 so that V = {xi, . . . , Xs+t} and 

£ = {{Fl)'v^ • • ■ ' {Ps)v,{Xs+t-k+l, ■ ■ ■ ,Xs+t]v)- 

Since Xs+t ^ Fh ioi 1 < h < s, £ has standard decomposition 

£ = ((Fi)^, (Fa)^, . . . , (Fs)y) U {{Xs+t-k+l,Xs+t~k+2, Xs+t})v) 

and then from Lemma[4~T](i) and (ii), setting Vi = V \ {xs+t-k+i, Xs+t-k+2, ■ ■ ■ , Xg+t}, we have 



Hi{£) =Hi-i{{{Fi)y^, {F2)y^,. . . , {Fs-k)viAXs-k+l, ■ ■ ■ ,Xs+t~k}vj^,{Xs-k+2, ■ ■ ■ ,Xs+t-k}vi, 
, . . . , {Xg-l, . . . , Xs~\-t-k}vi'' ■ ■ • ' -^s+t-fcll/j^)) 

=Hi^i{{{Firy^,{F2ry^,. . . , (F,_fc)=y^, {x„ . . . , Xs+t-kTv;)) (4-4) 

We prove our statement by induction on |y| = s + t = {t + l)p + d+t. The base case is \ V\ = d+t, 
in which case p = and d = s > 1. There are two cases to consider. 



1. If 1 < d < A;, then s<k, and so by ( [44) ) 

Hi{£) = Hi^i{{{xs, . . .,Xs+t~k]v^))- 
The simplex {xg, • • • , Xsj^t_jS\y^ is not empty unless s = d = 1, and hence we have 



H^{£) 



K d = l,i = 
otherwise. 



2. If d > k, we use (4.4 1 to note that since Xs-k+t ^ Fi U . . . U Fg^k, the following is a standard 
decomposition 

((Fi)y,, (F2)^V^„ . . . , {Fg.kTv^^ixs, Xs+t-k}v^)- 



Using Lemma 4.1 and (4.4 1 along with the fact that s = d < t, we find that if V2 = ^ \ 



{xs, . . .,Xs+t}, then 

Hi{£) = Hi-2{{{X1, . . . , Xs-l}y^,{x2, . . . , Xs-l}y^,. . . , {x^-k, • • • , Xs-l}yJ) 



Hi-2{{{Xs-k, ■ ■ .,Xs-l}yJ). 



Now the simplex {x^-k, • • • , Xs-i}y^ is nonempty unless s — k = 1, or in other words, 
d = s = k + 1. Therefore 

(g) — I ^ d = k + l,i = I 
\ otherwise. 

This settles the base case of the induction. Now suppose \V\ = s + t > d + t and the theorem 



holds for all the cases where \ V\ < s + t. Since \ Vi\ = {s — k) + t < |y| we shall apply (4.4 1 
and use the induction hypothesis on Vi, now with the following parameters: ki = t — k + 1, 

si = s — k = {t + l)p + d — k and 

( d-k d>k J ( p d>k 

^1 = 1 d-k + t + l d<k ^^ = 1 p-1 d<k. 

Applying the induction hypothesis on Vi we see that Hi{£) = unless one of the following scenar- 
ios happen, in which case Hi{£) = K. 
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1. di = 1 and i — 1 = 2pi. 



(a) When d > k, this means that d = k + 1 and i = 2p + 1. 

(b) When d < k, this means d — A; + t + l = l which implies that 0<d = k — t<0, and 
hence d = and t = k, which is not possible as we have assumed k < t. 

2. di = A;i + 1 and i - 1 = 2pi + 1. 

(a) When d > k, this means that d — k = t — k + l + 1 and so d = t + 2 which is not 
possible, as we have assumed d < t + I. 

(b) When d < k, this means that d — k + t + I = t — k + 1 + I and so d = 1 and 
i = 2pi + 2 = 2p. 

We conclude that Hi{£) = K only when d = 1 and i = 2p, ox d = k + 1 and i = 2p + 1, and 
= otherwise. □ 

Theorem 4.6. Le? 2 < t < n and A = At{Cn) be the path complex of a cycle Cn with vertex set 
X = {xi, X2, ■ ■ ■ , Xn}- Suppose n = {t + l)p + d where p > 0, < d <t. Then for all i 



Hi{A 



X) 



' d = 0, i = 2p-2, p>0 
K dy^O, i = 2p-l 
otherwise. 



Proof. If p = 0, then n = t and our claim is obvious, so we assume that p > 1 and therefore 
n> t + 1. We define the following simplicial complexes 

Eo = {{F,)%, {F2)%, {Fn-t+iYx) = E{n-t + l) 

(4.5) 

Ek = Ek^i U {{Fn-k+i)'x) for A: = 1, 2, . . . , i - 1. 

Note that AJ^ = Et-i. We start with Eq and apply the Mayer-Vietoris sequence repeatedly to 
calculate the homologies of the Ef^. Since Eq = E{n — t + \), we find 

{t + l)p + l d = t 

n-t + l = {t + l)p + d-t + l={ {t + l)p d = t-l 



{t + l){p-l) + d + 2 d<t-l 



which by Corollary |4.4| implies that 



K d = 0, i = 2p - 2 
Hi{Eo) = { K d = t, i = 2p - I (4.6) 
otherwise. 

In order to to find the homologies of Et-i we shall recursively apply the Mayer-Vietoris sequence 
as follows. For a fixed l<fc<t — Iwe have the following exact sequence, 

H^{Ek-i n {{Fn-k+i)x)) ^ Hi{Ek-^i) ^ Hi{Ek) ^ ^^-i(^fc-i n (4.7) 
We claim that for < < t - 2, 



H,{Ekn{{Fn-k)x)) 



' K d = 0, i = 2p - 3 
K d = t-k-l, i = 2p-2 (4.8) 
otherwise. 
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Setting X' = X\F, 



n—k 



{xt-k, . . . , Xn^k-i} we can write 



Ekr\{{Fn-k] 



{{Fi) 



X'^ 



t+i)x' 



{Fn-k 



+1)X' 



(4.9) 



We now compute the {FhYp^, = {xh, ■ ■ ■ , Xh+{t~i)}x' appearing in (4.9 1. 

• When l</i<t — A;itis clear that 

{FhTx' = {xt-k,Xt^k+l, • • • 5 ^t+h-lYx'- 

• When t-k + l<h<n-t-k-l then 2t - A; < /i + t - 1 < n - A: - 2, and so 

(FhTx' = {Xt-k, ■ ■ ■,Xh-l,Xh+t, ■ ■ ■ ,Xn~k-l}- 

• When n — k — t<h<n — t + l, then n — k — l<h + t— l<n, and therefore 

• When < J < A; — 1, then t — k < —j + (t — 1) < t — 1 and so we have 

Fn—j — {Xn—ji • • ■ ) — {Xn~j, • • • jXn,Xi^ . . . ,X(— j — 1} niod Tl 

which implies that 

{Fn-jYx' = {xt-k,Xt-k+l, ■ ■ ■ -.Xt-j-lYx'- 

From the observations above, ( |4.9| ) and Lemma AA_ (ii) we see that 

Ek n {[Fn-kTx) — {{Xt-k}-, Ft^k+1, • • • ) Fn-t-k-1, }rx'- (4.10) 

We now consider the following scenarios. 

1. Supposep = 1. In this situation, n = t+d+l < 2t+l which implies that n—t—fc—1 < t—k. 



Therefore, ( 4.10 1 becomes 



Ek n {{Fn-k)x) = {{xt--k},{Xn~ 



t+1, 



I Xn-k-l})^' • 



(4.11) 



(a) If d < t - A; - 2, then n-t + l = t + d + l- t + l = d + 2<t-k. As 
well, since n > t + 1, we have n — A; — l>t — A;. It follows that in this situation, 
xt-k G {xn-t+i, ■ • .,Xn-k^i} which means that ( |4.1l[ ) becomes Ek n {{Fn-k)%) = 
{{xt-kYx')- riote that X' = {xt-k} only when d = 0. It follows that 



H,{Ekn{{F^.kT)) 



K d = d, i = -l 
otherwise. 



(b) If d > t — fc — 2. In this situation, xt^k ^ {xn~t+i, ■ ■ ■ , Xn-k-i} which means that we 
can apply Lemma [4~T] (i), with X" = X' \ {xt-k} to find that for all i 

Hi{Ek n {(Fn^kT)) = Hi-i{{{Xn-t+l, . . . , Xn-k-l})x")- 

Moreover, {xn-t+i, • • • , Xn-k-i} = X" only when d = t — A; — 1, and so we have 



Ui{Ek^(iFn-kf)) 



K d = t-k-l, i = 
otherwise. 
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2. Suppose p > 2. In this case it is easy to see that n — t — k — 1 > t — k and n — t + l>t — k. 



Therefore, we can apply Lemma 4.1 (i) with X" = X' \ {xt-k} to (4.101 to conclude that for 
alH 



Hi{Ek n {{Fn-.kTx)) — Hi-l{{Ft-k+l, ■ ■ ■ , Fn^t-k-l, {Xn-t+1, ■ ■ ■ , Xn~k-l}) 



Now we use Lemma 4.5 with values a = t — k + 1 and s = n — 2t — 1 = {p — 2){t + l) + d + l 
to conclude that 

K d = 0, i = 2p - 3 
Hi{Ekn{{Fn-k)x)) = { K d = t-k-l, i = 2p-2 

otherwise 



This settles (4.8 1. We now return to finding Hi{Et-i) by recursively using the Mayer- Vietoris 
sequence to find Hi{Ek). 



1. If < d < t then by (4.8 1 we know that Hi{Ek^i n ((-^n-fc+i)^)) is nonzero only when 
i = 2p — 2 and k = t — d. We apply this observation and ( |4.6[ ) to the exact sequence (4.7 ) to 
see that _ _ _ 

Hi{Ek) = Hi{Ek^i) = Hi{Eo) = for 1 < A: < t - d - 1. 

Once again we use (|4.7|) to observe that 



1 < k <t - d- I 

HiiEk) = \ Hi-i{Ek^i n {{Fn^k+if)) k = t-d 

Hi{Et-d) t-d<k<t-l. 

K k>t-d, i = 2p-l 
otherwise. 



We can conclude that in this case 



HiiE, 



t-i 



K i = 2p-l 
otherwise. 



2. If d = t then by (4.8 1 we know that Hi{Ek-i n {{Fn-k+iYx)) always zero. We apply this 
fact along with (|4.6 1 to the sequence in (|4.7[) to observe that 



Hi{Ek) = Hi(Eo 



K i = 2p-l 
otherwise 



forfc G {l,2,...,t- 1}. 



3. If d = then by (4.8 1 we know that Hi{Ek~i n {{Fn-k+iTx)) unless i = 2p — 3, and 

by (4.6 1 we know Hi{Eo) is zero unless i = 2p — 2. Applying these facts to (4.7 1 we see that 



Hi{Ek) = Hi{Eo) = for i / 2p - 2. 



When i = 2p — 2, the sequence (4.7 ) produces an exact sequence 
K K 

H2p-2{Eo) > H2p-2{El) - 







^2p-3(^0n((F„)'=)) ^0. 
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Therefore 



We repeat the above method, recursively , for values k = 2,3, . . . ,t — I 



i = 2p-2 
otherwise. 



K 



> H2p-2{Ek-l) > H2p-2{Ek) > H2p-3{Ek-l n {{Fn-k+lT)) 

and conclude that for 1 < /c < t — 1 



H^{Ek) 



We put this all together 



HiiE, 



t-ij 



and this proves the statement of the theorem. 



K^+i i = 2p-2 
otherwise. 



d = 0, i = 2p-2, p>0 
K dj^O, i = 2p-l 
otherwise 



□ 



5 Betti numbers of path ideals 

We are now ready to apply the homological calculations from the previous section, and compute 
Betti numbers of path ideals. If / is the degree t path ideal of a cycle or line, then 



l3ij{R/I) = for alH > 1 and j > ti; 



(5.1) 



see for example HI 3.3.4. By Theorem |2. 8 [ to compute the Betti numbers of / of degree less than n, 
we should consider the complements of proper induced subcollection of A = At(C„) or At{Ln) 
and, for degree n we should consider A'^. We first compute the N-graded Betti numbers of degree 
n of path ideals. 

Theorem 5.1 (Betti numbers of degree n). Let p, t, n, d be integers such that n = {t + \)p + d, 

where p >0, < d < t, and 2 < t < n. IfCn is a cycle over n vertices, then 



Pi^n{RlIt{Cn)) 



t 



d = 0, i 



dj^O, i = 2 



otherwise. 



n 



t+l 

n — d 
t+l 



+ 1 



Proof. Suppose A = Aj(C„). By Theorem 2.8 l5i,n{R/ It{Cn)) 



now follows directly from Theorem 4.6 



d\m^ i^j_2(Aj^) and the result 

□ 



We now focus on Betti numbers of degree less than n. From Hochster's formula we can conclude 
that this comes down to counting induced subcollections of certain kinds. The next theorem, which 
is essential to our further discussions, is similar to statement proved for the edge ideal of a cycle 
inim. 
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Definition 5.2. Let i and j be positive integers. We call an induced subcoUection T of At(C„) an 
{i, j)-eligible subcoUection of Aj (C„) if F is composed of disjoint runs of lengths 

{t + l)pi + 1, . . . , (t + l)pa + 1, (t + 1)^1 + 2, . . . , (t + l)qis + 2 (5.2) 

for nonnegative integers a, P,pi,p2, ■ ■ ■ ,Pa,Qi,<l2, ■ ■ ■ ,<li3, which satisfy the following conditions 

j = it + l)iP + Q)+t{a + (3) + P 
i = 2(P + Q) + 2/3 + a, 

where P = ^."=1 Pi and Q = ^.1=1 Qi- 

The reason for this terminology will become clear in the following statement. 

Theorem 5.3. Let I = /(A) be the facet ideal of an induced subcoUection A of At{Cn)- Suppose 
i and j are integers with i < j < n. Then the N-graded Betti number (3ij{R/I) is the number of 
{i, j)-eligible subcollections of A. 

Proof. Since A(/) = A from Theorem |2. 8 1 we have 



ft,,(i?//)= Yl dim^i/,_2(rVert(r)) 
rcA,|Vert(r)|=j 

where Vert(r) is the vertex set of F and the sum is taken over induced subcollections F of A. 

Each induced subcoUection of A is clearly an induced subcoUection of Af(Cn), and can there- 
fore be written as a disjoint union of runs. So from Proposition |4.2| we can conclude the only F 
whose complements have nonzero homology are those corresponding to run sequences of the form 
(5.2 1. Such subcollections have j vertices where by Definition [33] 

j = {{t + l)pi+t) + --- + {{t + l)pa + t) + {{t+l)qi+t+l)--- + {{t+l)q,3+t + l) 
= {t + l){P + Q) + t{a + (3) + (3. (5.3) 

So 

rvert(r) = ^((* + + 1, •••,(* + l)Pa + 1, (t + l)qi + 2,...,{t + l)qp + 2) 
and by Proposition |4 . 3 1 we have 

A- (T^c ^^ / 1 i = 2(P + Q) + 2/3 + a 

<^^^^(^-^(^Vert(r))) = { o otherwise. ^^"^^ 



From (5.3 1 and (5.4 1 we see that each induced subcoUection F corresponding to a run sequence as 
in (5.2 1 contributes 1 unit to /3jj if and only if 

j = (t + l)(P + Q)+t(a + /3) + /3 
i = 2{P + Q) + 2(3 + a. 

□ 



The following corollary is a special case of Theorem 5.3 



Corollary 5.4. Let I = /(A) be the facet ideal of an induced subcoUection A of At{Cn)- Then for 
every i, f3i^tiiR/I)> is the number of induced subcollections of A which are composed of i runs of 
length L 
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Proof. From Theorem 5.3 we have /3i^ti{R/I) is the number of (i, ti)-ehgible subcoUections of A. 
With notation as in Definition 15 .21 we have 

ti = {t + 1)(P + Q) + t(a + /3) + /3 

i = 2{P + Q) + {a + f3) + /3 ^ti = 2t{P + Q) + t{a + f3)+tf3 

Putting the two equations for ti together, we conclude that {t — 1){P + Q + (3) = 0. But (3, P, 
Q > and t > 2, so we must have 

^ = P = Q = 0^Pl=P2 = ---=Pa = 0. 

So a = i and T is composed of i runs of length one. □ 



Theorem 5.3 holds in particular for A = At(Lm) and A = At(C„) for any integers m, n. Our 
next statement is in a sense a converse to Theorem [531 

Proposition 5.5. Let t and n be integers such that 2 < t < n and I = /(A) be the facet ideal 
of A where A is an induced subcollection of At{Cn)- Then for each i,j G N with i < d < n, if 
(3ij{R/I) 7^ 0, there exist nonnegative integers i, d such that 

i = l + d 
j = ti + d 



Proof. From Theorem 5.3 we know /3j j is equal to the number of (z, j)-ehgible subcoUections of 
A, where with notation as in Definition |5]2] we have 



J = (t+l)(P + Q) + t(Q + /?)+/? 

i = 2{P + Q) + {a + /3) + p. 
It follows that 

j-i = (t-l){P + Q + a + p) and ti - j = {t - 1){P + Q + P). (5.5) 

We now show that there exist positive integers £, d such that i = £ + d and j = ti + d. 

i = £ + d j -i ti- j 

Ml) , J =^ " = 7 and d = . 

J = t£ + d t-1 t-1 



From (5.5 1 we can see that i and j as described above are nonnegative integers. □ 



Theorem 5.3 tells us that to compute Betti numbers of induced subcoUections of Af(C„) we 
need to count the number of its induced subcoUections which consist of disjoint runs of lengths 
one and two. The next few pages are dedicated to counting such subcoUections. We use some 
combinatorial methods to generalize a helpful formula which can be found in Stanley's book lITOl 
on page 73. 

Lemma 5.6. Consider a collection ofn points arranged on a line. The number of ways of coloring 
k points, when there are at least t uncolored points on the line between each colored point is 

n-{k- l)t 
k 
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Proof. First label the points from 1, 2, . . . , n from left to right, and let ai < a2 < • • • < a/j be the 
colored points. For 1 < z < A; — 1, we define xi to be the number of points, including ai, which are 
between a-i and a^+i, and xo to be the number of points which exist before ai, and Xk the number 
of points, including a^, which are after a^. 



XQ XI X2 Xk 



ai a2 as a^^i n 



If we consider the sequence xq, xi, . . . , Xfc it is not difficult to see that there is a one to one corre- 
spondence between the positive integer solutions of the following equation and the ways of coloring 
k points of n points on a line with at least t uncolored points between each two colored points. 

xq + xi + ■ ■ ■ + Xk = n xq > 0, Xi > t, for 1 < i < k — 1, and x^ > 1. 

So we only need to find the number of positive integer solutions of this equation. Consider the 
following equation 

(xo + 1) + (xi - t) + • • • + (xfc_i - t)+Xk = n-ik-l)t + l 

where xq + 1 > 1, Xj — t > 1, for i = . . . , fc — 1 and x^ > 1. The number of positive integer 
solution of this equation is (see for example Q page 29) 

n-{k- l)t 
k 

□ 

Corollary 5.7. Let Cn be a graph cycle and with the standard labeling let T be a proper subcollec- 
tion of At{Cn) with k facets Fa, ■ ■ ■ , -Fa+fc-i mod n. The number of induced subcollections ofV 
which are composed ofm runs of length one is 

k — {m — \)t 
m 

Proof. To compute the number of induced subcollections of T which are composed of m runs of 
length one, it is enough to consider the facets Fa, ■ ■ ■ ,Fa+k-i as points arranged on a line and 
compute the number of ways which we can color m points of these k arranged points with at least 
t uncolored points between each two consecutive colored points. Therefore, by Lemma 5.6 we 
have the number of induced subcollections of F which are composed of m runs of length one is 

fk-{m-l)t\ |-| 
V m / ■ 

Proposition 5.8. Let Cn be a graph cycle with vertex set X = {xi , . . . , x„}. The number of induced 
subcollections of At{Cn) which are composed ofm runs of length one is 

n f n — mt 



n — mt \ m 

Proof. Recall that At(C„) = {Fi, . . . , F^) with standard labeling. First we compute the number 
of induced subcollections of At(C„) which consist of m runs of length one and do not contain the 
vertex x„. There are t facets of Aj(C„) which contain Xn, the remaining facets are Fi, . . . , Fn-t, 
and so by Corollary |5.7| the number we are looking for is 

n — t — {m — l)t\ fn — mt\ 

= • (5.6) 

m \ m 
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Now we are going to compute the number of induced subcollections T which consist of m runs of 
length one and include x„. We have t facets which contain Xn, they are Fn-t+i • • • , Fn- Each such 
r will contain one Fi G {Fn~t+i • • • , Fn} as the run containing Xn, and m — 1 other runs of length 
one which have to be chosen so that they are disjoint from F^. So we are looking for m — 1 runs of 
length one in the subcoUection V = {Fi^t, • • • , Fi-t) mod n. The subcoUection T' has n — 2t — l 



facets, so by Corollary 5.7 it has 

- 2t - 1 - {m - 2)t\ _ fn-mt-l 
m — 1 J \ m — 1 

induced subcollections that consist of runs of length one. Putting this together with the number of 



ways to choose Fi and with ( 5.6 1 we conclude that the number of induced subcollections of At{C„ 



which are composed of m runs of length one is 



, n — mt — 1\ f n — mt\ n (n — mi 

t\ , + 



m — 1 I V Tti I n — mt \ m 



□ 



We apply these counting facts to find Betti numbers in specific degrees; the formula in (iii) below 
(that of a line graph) was also computed by Bouchat, Ha and O'Keefe UJ using Eliahou-Kervaire 
techniques. 

Corollary 5.9. Let n>2 and t be an integer such that 2 < t < n. Then we have 

i. For the cycle Cn we have 

n — it\ I 

ii. For any proper induced subcoUection A of At{Cn) with k facets we have 
Hi. For the line graph Ln, we have 

, „ I , X f n — it +\ 



Proof. From Corollary 5.4 we have Pi^it{R/I) in each of the three cases (i), (ii) and (iii) is the 
number of induced subcollections of Af(C„), A and At(L„), respectively, which are composed of i 
runs of length 1. Case (i) now follows from Proposition l5]8| while (ii) and (iii) follow directly from 



Corollary |53 □ 
The following Lemma is the core of our counting later on in this section. 

Lemma 5.10. Let At{Cn) = {Fi,F2, . . . ,Fn), 2 < t < n, be the standard labeling of the path 
complex of a cycle Cn on vertex set X = {xi, . . . , Xn}. Let i be a positive integer and T = 
{Fc-i^,Fc2, ■ ■ ■ ,Fc-) be an induced subcoUection of At{Cn) consisting of i runs of length 1, with 
\ < ci < C2 < ■ ■ ■ < Ci < n. Suppose S is the induced subcoUection on Vert{r) U {xc^+t} for 
some 1 < u < i. Then 

|r| + t u < i and Cu+i = Cu + t + 1 
|r| + 1 u = ior Cu+i>Cu + t+l 



19 



Proof. Since r consists of runs of length one and each = {xc^, Xc^+i, . . . , a;c„+t-i} we must 
have Cu+i > Cu + t mod n for u G {1, 2, . . . , i — 1}. There are two ways that a;c„+t could add 
facets to r to obtain S. 

1. If Cu+i = Cu + t + l then Fc„, Fc„+i, . . . , -Fc„+t+i = i^c„+i S S or in other words, we have 
added t new facets to F. 

2. If Cu+i > Cu + t + l or It — i then G S, and therefore one new facet is added to V. 

□ 

The following propositions, which generalize Lemma 7.4.22 in ||8l, will help us compute the 
remaining Betti numbers. 

Proposition 5.11. Let At{Cn) = {Fi, F2, . . . , 2 < t < n, be the standard labeling of the path 
complex of a cycle Cn on vertex set X = {xi, . . . , Xn}- Also let i, j be positive integers such that 
j < i and T = {Fc-^, Fc2, • • • , Fc^) be an induced subcollection of At{Cn) consisting of i runs of 
length 1, with 1 < ci < C2 < • • • < Cj < n. Suppose W = Vert{T) U A C X for some subset A of 
{xci+t, . . . , Xci+t} mod n with \ A\ = j. Then the induced subcollection S of A.t{Cn) on W is an 
{i + j, ti + j)-eligible subcollection. 

Proof. Since F consists of runs of length one and each Fc^ = {xc^, ^c^^i, . . . , Xc^+t-i} we must 
have Cu+i > Cu + t mod n for n € {1, 2, . . . , i — 1}. The runs (or connected components) of S 
are of the form S' = S^/ where U C W, and can have one of the following possible forms. 

a. For some a < i: 

U = F 



and therefore E' = {F^^ is a run of length 1. 
b. For some a < i: 



and therefore Ca+i > Ca + 1 + 1, so from Lemma 5.10 we have S' = (Fc^, Fc^+i) is a run of 
length 2. 

c. For some a < i: 

U = Fc, U Fc^+i U • • • U Fc^^^ U {xc,+t,Xc,+^+t, Xc,+,_^+t} mod n 



and Fc^^^ = for j = 0,1, ... ,r and r > 1. Then from Lemma 5.10 above we 

know S' is a run of length r + 1 + tr = (t + l)r + 1. 

d. For some a < i: 

U = Fc^U Fc^^, U • • • U Fc^^^ U {xc,+t, a^c+i+i, • • • , a;c,+,+t} mod n 

and Fc^^^ = Fca+i(m) for j = 0, 1, . . . , r and r > 1, and Ca+r+i > Ca+r+t+1 or a + r = i. 
Then from Lemma 5. 10 we have S' is a run of length r + l + tr + l = {t + l)r + 2. 
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So we have shown that S consists of runs of length 1 and 2 mod t + 1. 

Suppose the runs in S are of the form described in (|5.2|). By Definition [33] we have 



|Vert(S)| ={t + l)pi +t + --- + {t + l)pa + t+{t + l)qi + t + I + ■ ■ ■ + {t + l)g^ + t + l 
= {t + 1)P + ta + {t + l)Q + t^ + P 
= it + l){P + Q)+t{a + P)+f3. 

On the other hand by the definition of S we know that, S has ti + j vertices and therefore 

ti + j = {t + 1){P + Q) + t{a + /?) + /3. 

It remains to show that i + j = 2{P + Q) + (a + (3) + /3. Note that if j = then p = P = Q = 
and hence 

j = =^ P + Q + /3 = 0. (5.7) 

Moreover each vertex Xc^^t £ ^ either increases the length of a run in T by one and hence increases 
/3 (the number of runs of length 2 in T) by one, or increases the length of a run by t + 1, in which 
case P + Q increases by 1. We can conclude that if we add j vertices toT, P + Q + P increases by 
j. From this and (5.7 1 we have j = P + Q + 13. Now we solve the following system 

ti + j = {t + l){P + Q) + t{a + P) + P =^ ti = t{P + Q)+t{a + 13) 
j = P + Q + 13 ^ i = p + Q + a + (3 

] I IXqXT^ ^^ + J=2{P + Q) + {a + P) + p. 

□ 

Proposition 5.12. Let Cn be a cycle, 2 < t < n, and i and j be positive integers. Suppose S is an 



{i + J, ti + j)-eligible subcollection ofAt{Cn), 2 < t < n. Then with notation as in Definition 5.2. 
there exists a unique induced subcollection T of At{Cn) of the form {Fc-^,Fc2, • • • , with 1 < 
ci < C2 < ■ ■ ■ < Ci < n consisting of i runs of length 1, and a subset A of {xc^+t, ■ ■ ■ ,Xci+t} 
mod n, with \A\ = j such that T, = At{Cn)w where W = Vert{r) U A. 

Moreover iflZ = {F^, • • • > Fh+m) mod n is a run in S with \'R\ = 2 mod {t + 1), then 
Fh+m ^ r mod n. 

Proof. Suppose S consists of runs R[, R'2, . . . , R'a-^-p where for A: = 1, 2, . . . , a + /3 

R'k = i^hk^ Phk+l: • ■ ■ ) -^hfc+mfc-l) mod TI 

Vert(P'^,) = {xh^,Xh^:+i, Xhk+rn,,+t-2} mod n 
hk+i ^ t + hk + nrij^ mod n 

and 

^{{t + l)pk + l for /c = l,2, ...,a 

1 {t + l)qk-a + 2 for k = a + l,a + 2,...,a + p. ^ 
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For each k, we remove the following vertices from Vert(i?'^) 

Xh^,+t,Xh^:+2t+l,■■■,Xh^+p^t+{Pk-l) mod n if 1 < k < a and pk ^ 

Xhk+t,Xhk+2t+i,---,Xhf,+{qf,_^+i)t+gk_^ mod n ifa + l<k<a + (3 

Let r = {Ri, i?2i • • • Ra+p) be the induced subcoUection on the remaining vertices of S, where 

R = [ iPh,,Fh,+t+i, . . . , i^hfc+(t+i)p,) mod n for 1 < A; < a 

^ I ' -^/ife+t+i > • • • . ) niod n fora + l<A;<a + /3. 

In other words, mod n, T has facets 

Fh-i_,Fh^+t+l, ■ ■ ■ , Fhi+{t+l)piJ Fh2^ Fh2+t+l, ■ ■ ■ , -Fh2+(t+l)p2 ' • ■ • ^^h^+p, ■ ■ ■ , + 

It is clear that each i?^ consists of runs of length one. Since T is a subcoUection of S, no runs of 
Rk and Rk' are connected to one another if A; ^ k', and hence we can conclude F is an induced 
subcoUection of At(C„) which is composed of runs of length one. From (5. 10 1 we have the number 
of runs of length 1 in F (or the number of facets of F) is equal to 

{pi + l) + {p2 + l) + --- + iPa + f) + iqi + l) + --- + iqi3 + l) = P + Q + a + f3 = i. 

Therefore, F is an induced subcoUection of At(C„) which is composed of i runs of length 1. We re- 
label the facets of F as F = (Fc^ , . . . , Fc- ) . Now consider the following subset of {xci+t , ■ ■ ■ ,Xci+t} 
as A 

a OL+fi 
fc=l,pj.^O k=a+l 



by (5.9 1 we have: 

\A\ = {pi+p2 + ---+Po) + {qi + l--- + qp + l)=P + Q + ^ = j. 
Then if we set 

i 

W = {\jF,,)yjA 

h=l 

we clearly have S = (Aj(C„))vk- This proves the existence of F, we now prove its uniqueness. 
Let A = {Fs-^, Fs2, • • . , Fg^) be an induced subcoUection of At(C„) which is composed of i runs 
of length 1 such that 1 < si < S2 < ■ ■ ■ < Si < n. Also let i? be a j- subset of the set 
{xs-^+t,Xs2+t, ■ ■ ■ ,Xsi+t} mod n such that 

S = (At(C„))vert(A)uB- 

Suppose A = {Si, S2, . . . , Sa+13), such that for = 1, 2, . . . , a + /3, 5^ is an induced subcoUection 
of i?^ which consists of runs of length one. By ( |5.11| we have Vk 7^ for all k. Now we prove 
the following claims for each k £ {1,2, . . . , a + (3}. 

a. Ffi^. G A. Suppose 1 < k < a + /3. If = we are clearly done, so consider the case 

Assume F^^ ^ A. Since F/^^ is the only facet of S which contains x/^^. we can conclude 
Xh^^ ^ Vert(A). From ( |5.11| ), it follows that Xh^: e {xg-^+t, Xg^+t, • • • , Xs,+t}, so 

Xhk = Xsa+t mod n for some a. (5.12) 
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On the other hand we know 



Since i?'^ is an induced connected component of S, by (5.121 we can conclude S Fs^+i 
and Fs^,Fs^^i £ R'^. However, we know F^^, is the only facet of R!j^ w hich contains x^^ 
and so Fs^+i = Fh^, and then + 1 = mod n . This and (5.12 1 imply that t = 1 

mod n, which contradicts our assumption 2 < t < n. 



b. If Fu G Sk for some u and Fu+t+i G R'^, then Fu+t+i G Sk- Assume Fu+t+i 4- and 

ro = min{r : r > u, Fr £ Sk mod n}. 



Since 5^ consists of runs of length one we can conclude ro > u + t + 1. Since vq u + t + 1 
we have tq > n + t + 2. But then 

Xu+t+i i Vert(A) U {x^-^+t, Xs2+t, . . . , x^^+J 

and therefore Xu+^+i ^ Vert(S) which is a contradiction. 

Now for each k, by (a) we have Fh^ G A and from repeated applications of (b) we find that 



e 5. for/ = | J'^"-"^' 

1, .i, . . . , qk—a 



l<k<a 

a + l<k<a + l3. 



So C Sk- On the other hand Sk consists of runs of length one, so no other facet of i?'^ can be 
added to it, and therefore 5"^ = Rk for all k. We conclude that A = F and we are therefore done. 
The last claim of the proposition is also apparent from this proof. □ 

We are now ready to compute the remaining Betti numbers. 

Theorem 5.13. Let n, i, j and t be integers such that n >2, 2 < t < n, and ti + j < n. Then 

i. For the cycle Cn 

/3i+j,ti+j {R/It{Cn)) 



n 



n — it \j 



ii. For the line graph Ln 

/3i+j,ti+j {R/It{Ln)) 



n — it 



+ 



n — it 
i 



I - 1 
3 



n — it 
i - 1 



Proof. If / = It{Cn) (or / = It{Ln)), from Theorem 5.3 f3i+j^ti+j{R/I) is the number of {i + 
j,ti + j)-eligible subcoUections of At{Cn) (or AtiLn))- We consider two separate cases for Cn 
and for L„. 

i. For the cycle C„, suppose 7^(j) denotes the set of all induced subcoUections of (C„) which 
are composed of i runs of length one. By propositions |5. 11 and 5. 12 there exists a one to one 
correspondence between the set of all (i + j, ti + j)-eligible subcoUections of At((7„) and 
the set 

li] 



X 
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where is the set of all j-subsets of a set with i elements. By Corollary 
l^i^ti and since \ = Q) and so we apply Corollary 



7^ 



(i)l 



5.9 



5.4 



we have 



to observe that 



Pi+j,U+j{R/ It{Cn)) 



Pi,ti{R/It{Cn)) 



n 



n 



it 



n — it 
i 



ii. For the line graph L„, recall that 

^t{Ln) = {Fl, . . . , Fn-t+l)- 



Let A = {Fcj^,Fc2, ...,Fc^) be the induced subcoUection of At(L„) which is composed of 
i runs of length 1 and Vert(A) C X \ so that it is also an induced subcoUection of 

At(L„_i). Also let Abe a. j - subset of {xc^+i, Xcj+t, • • • , Xc^+t} mod n. So by Proposi- 
tions [5?TT] and 5.12 the induced subcollections on Vert(A) U A are [i + j, ti + j)-eligible and 
if one denotes these induced subcollections by B we have the following bijection 



X {r C At{Ln-i) : r is composed of i runs of length 1}. (5.13) 



We make the following claim: 

Claim: Let T be an {i + j, ti + j)-eligible subcoUection of At{Ln) which contains a run TZ 
with Ffi^t+i £ Then T £ B if and only if\TZ\ = 2 mod t + 1. 



Proof of Claim. Let F € B and assume that A = {Fc-^ , Fc^ , • • • , i^c,) is the subcoUection of 
At(L„_i) used to build F as described above. Then we must have Ci = n — t. Now, the run 
TZ contains Fn-t+i and Fn-t- 

If |7^| > 2, then Cj_i = n — 2t — 1 and Xc^_^^t = Xn-t-i £ A and from Lemma 5. 10 we can 
see that another t + 1 facets Fn-2t-i, ■ ■ ■ , Fn-t~i are in TZ. If we have all elements of TZ, we 
stop, and otherwise, we continue the same way. At each stage t + 1 new facets are added to 
TZ and therefore in the end \TZ\ = 2 mod t + 

Conversely, if 1 7^ I = (t + l)g + 2 then let A = (Fc^, Fcj, be the unique subcoUection 
of At(L„) consisting of i runs of length one from which we can build F. Since Fn-t-i G 



we must have c,- 



n 



t or Cj 



n 



t + 1. 



- t, then we are done, since A will be subcoUection of At(L„_i) and so F G 
t + then R has one facet Fn-t+i and if Xci_-^+t G A then by Lemma 5.10 TZ 



If Ci = n 
If Cj = n - 

gets an additional t + 1 facets. And so on: for each Cu either or t + 1 facets are contributed 
to TZ. Therefore, for some p, \TZ\ = (t + l)p + 1 which is a contradiction. This settles our 
claim. □ 



We now denote the set of remaining {i + j, ti + j) -eligible induced subcollections of At{Ln) 
by C. First we note that C consists of those induced subcollections which contain Fn-t+i and 
are not in B. Also, if j = i, then a (2i, (t + l)j)-eligible subcoUection F of A((L„) would 
have no runs of length 1, as the equations in Definition 5.2 would give a = 0. So F G C and 
we can assume from now on that j < i. 

We consider A = {Fc^ , Fc^ , • • • , Fc^_j) C At(L„) which is composed of i — 1 runs of length 1 
withVert(A) C X\Fn-t+iU{xn^t}- If A is a j-subset of the set {x^+f, a^ca+t, • • • , a;c,_i+t}, 
we claim that the induced subcoUection F on Vert(A) U Au Fn-t+i belongs to C. 
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Suppose TZ is the run in F which includes Fn-t+i- If |^| 7^ 1 then Cj_i + t = n — t which 



implies that q_i = n — 2t. By Lemma 5.10 we see that t + 1 facets Fn-2t, Fn-2t+i, ■ ■ ■ , Fn-t 
are added to IZ. If these facets are not all the facets of TZ then with the same method we can 
see that in each step t + 1 new facets will be added to TZ and since Fn-t+i ^ TZ v/e can 
conclude |7^| = 1 mod t + I. Therefore F ^ B. 

Now we only need to show that F is an {i + j, ti + j)-eligible induced subcoUection. By 
Proposition [5?TT] the induced subcoUection F' on Vert(A) U A is an (i — 1 + j, t{i — 1) + j)- 
eligible induced subcoUection. Suppose F' is composed of runs TZi,TZ2, ■ ■ ■ , TZa'+p' and then 
we have 

t{i-l)+j ={t + l){P' + Q') + t{a' + + =P' + Q' + a' + p' 
i-l+j =2{P' + Q')+2f3' + a' \j =P' + Q' + P' 

(5.14) 

So F consists of all or all but one of the runs TZi,TZ2 ■ ■ ■ , TZa'+f5' as well as TZ where TZ is the 
run which includes Fn-t+i- 

As we have seen \TZ\ = 1 mod t + I. If we suppose \TZ\ = 1 then we can claim that F is 
composed of a = a' + 1 runs of length 1 and /? = /3' runs of length 2 mod t + I, and with 



P = P' and Q = Q' , by (5.14 1 we have F is an [i + j, ti + j)-eligible induced subcoUection. 
Now assume \TZ\ = {t + l)p + 1, so clearly we have Fn-2t S A and Xn-t G ^- Let TZ' be 
the induced subcoUection on Vert(7^) \ Fn-t+i- Then clearly we have TZ' is a run in F' and 
since the only facets which belong to TZ but not to TZ' are the t facets Fn-2t+2, ■ ■ ■ , ^n-i+i 
we have 

\TZ'\ = {t + l)p+l-t = {t + l){p-l) + 2 (5.15) 
Therefore we have shown the run in F which includes Fn-t+i has been generated by a run 



of length 2 mod (t + 1) in F'. Using (5.14i we can conclude F consists of a = a' + 1 



runs of length 1 and /3 = /3' — 1 runs of length 2 mod t + 1. We set P = P' + p and 
Q = Q' — [p — 1), and use ( |5.15 1 to conclude that 



P + Q + a + /3 = {P' +p) + {Q' -p+l) + {a' + l) + {/3' -l) = i 

p + Q + l3 = (p'+p) + (Q' -p + l) + (f3' -l)= j. 
Therefore F G C as we had claimed. 

Conversely, let F G C then one can consider the induced subcoUection F' on Vert(F)\F„_t+i. 
Assume F is composed of runs TZi , TZ2 ■ ■ ■ , TZa+13, so that mod t + l, TZh is a run of length 
lif h < a and length 2 otherwise. 

Suppose TZh is the run which includes Fn-t+i- By our assumption we have \TZh\ = 1 
mod t + 1, so h < a. If \TZh\ = 1 then TZh ^ T' and therefore we delete one run of 
length one from F to obtain F', in which case F' is (i — 1 + j, t{i — 1) + j)-eligible. 

If |7<I./i| = {t + l)ph + 1 > 1 then the t facets Fn-2t+2, ■ ■ ■ , Fn-t+i G TZh do not belong to 
F'. So F' consists of a + /3 runs Ki, . . . , TZh, ■ ■ ■ , TZa+p^TZh where 

\TZ'h\ = {t + l)ph + l-t = {t + l){ph-l) + 2. 

Setting a' = a-l, 13' = 13 + 1, P' = P -phwdQ' = Q + ph-l it follows that F' is 



{i—l+j, l)+j)-eligible. By Proposition 5.12 there exists a unique induced subcoUection 



A = (Fc^, Fc2, . . . , -^Ci_i) of IS.t{Ln-t-i) which is composed of i — 1 runs of length one 
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and a j subset A of {a^ci+t, • • • ,Xci_i+t} such that T' equals to induced subcollection on 
Vert(A) U j4. So r is the induced subcollection on Vert(A) U AU Fn-t+i- Therefore there is 
a one to one correspondence between elements of C and 



1] 



X {r C At{Ln-t-i) ■ r is composed of i — 1 runs of length 1} (5.16) 



By ( [5TT31 ), ( |5J6| ) and Corollary [5|9](iii) we have 

(R/I) = \B\ + \C\ 



G)(VO + C/)(rf)- 



□ 



Finally, we put together Theorem |5.3[ Proposition |5.5[ Theorem |5.1[ ( |5.1| ) and Theorem |2.8 
Note that the case t = 2 is the case of graphs which appears in Jacques |l8l. 

Theorem 5.14 (Betti numbers of path ideals of lines and cycles). Let n, t, p and d be integers 
such that n>2, 2<t<n, n = {t + l)p + d, where p > 0, < d < t. Then 

i. The N-graded Betti numbers of the path ideal of the graph cycle Cn are given by 



n 



ti-j 

t-1 



t-1 



t-1 



n, d = 0, i 



j = n, dj^O, i = 2 



n 



t + l 
n — d 



t+l 

j < n, i < j < ti, and 

2(j - i) 

2p > '- > i 

^ - t-1 - 

otherwise. 



+ 1 



//. The N-graded Betti numbers of the path ideal of the line graph Ln are nonzero and equal to 



P,j{R/It{Ln)) 



if and only if 
(a) j < n and i < j < ti; 



lEi\ rn-t 

t-1 



t-1 



t-1 



+ 



t-1 ^ 

ti-j 
t-1 



n — t 



t-1 



t-1 ^ 



(b) Ifd < t thenp > 



3 



t - 1 



> i/2 where both inequalities cannot be = at the same time; 



(c) Ifd = t then (p + 1) > 



t - 1 



> i/2 where both inequalities cannot be = at the same 



time. 
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Proof. We only need to make sure we have the correct conditions for the Betti numbers to be 
nonzero. 

i. When j < n, Aj(i?//t(C„)) 7^ ^ 

( 3 - i ^ ti-j 
t-1 - t-1 

t{3 -i) ^ j 



n 



> 



t-1 -t-1 
{ 2j>{t + l)i 

t + r 



n > 



t - 1 
f 2j>{t + l)i 
{t + l)p + d> 

2j >{t + l)i 



t + l 
t-1 



U - i) 



d j — i 

pH > 

^ t+l- t-1 



(5.17) 



^ - t-1 - 



ii. Pij{R/It{Ln)) / 

r j 



i ti — j 



t-1- t-1 

t(i — i) i — i 
t-1 -t-1 

{ 2j>(t + l)i 

t + l 



n + l> 



t-1 
{ 2j>{t + l)i 
{t + l)p + d + l> 

2j >{t + l)i 

d+1 j-i 

P H > 

^ t+l - t-1 

2(7 - i) 



U - i) 



t + l 
t-1 



(j 



if d < t 



2{p + l)>'^^^—^>i if d = t 



asd<t + l 



both > cannot be = at the same time 



both > cannot be = at the same time 



both > cannot be = at the same time 



both > cannot be = at the same time 



(5.18) 



both > cannot be = at the same time in each line. 
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□ 



We end the paper with the computation of the projective dimension and regularity of path ideals 
of lines and cycles. The projective dimension of lines (Part i below) was computed by He and 
Van Tuyl in Q using different methods. The case t = 2 is the case of graphs which appears in 
Jacques |!8|. 

Part ii of the following Corollary reproves Theorem 5.3 in |[T1 which computes the Castelnuovo- 
Mumford regularity of path ideal of a line. 

Corollary 5.15 (Projective dimension and regularity of path ideals of lines and cycles). Let n, 

t, p and d be integers such that n>2, 2<t<n, n=(t + l)p + d, where p > 0, < d < t. Then 

i. The projective dimension of the path ideal of a graph cycle Cn or line Ln is given by 



pd{R/It{Cn)) 



pd{R/It{Ln)) 



2p + l dy^O 
^ 2p d = 

ii. The regularity of the path ideal of the graph cycle Cn or line Ln is given by 

r p{t-i) 




reg{R/Lt{Cn)) = [t - l)p + d. 



reg{R/Lt{Ln)) 



d < t 
d = t 



Proof. i. From Hochster's formula (Theorem |2.8| ) we know the maximum degree for the Betti 
numbers is j = n and that can only happen at the far end of the resolution. Therefore, in 
the case of the cycle C„, the claimed formula for projective dimension follows from Theo- 
rem 



5.14[ For the case L„ for d = t by applying Theorem 5.14| we have 

P+Af P \ ^ (P 
P / VP + 1/ \P. 



P2p+l,n{R/ It{Ln)) 



1/0. 



Then by same argument as above we can conclude that pd{R/ Lt{Ln)) = 2p + 1. 



Now we suppose d ^ t. From (5.181 we can see that if f3ij{R/Lt{Ln)) 7^ then 2p > i and 
therefore pd{R/ Lt{Ln)) < 2p. On the other hand, by applying Theorem 5.14 again, we can 
see that 



p + d 
P 



+ 



p-1 
P 



p + d 
P 



Therefore > 2p and we have pd{R/ It{Ln)) = 2p. 



ii. By definition, the regularity of a module M is max{j — i \ f3ij{M) ^ 0}. By Theorem 5.14 
we know exactly when the graded Betti numbers of R/Lt{Ln) and R/Lt{Cn) are nonzero. 



(a) In the case of C„ if d = then 



2n 



{t-l)p] = max{(t + l)p-2p, (t-l)p} = {t-l)p 



reg{R/Lt{Cn)) = max{n- 
and if d / then 

2fn — d) 

reg{R/ Lt{Cn)) = max{n r^-l> (*-lM = max{(t+l)p+(i-2p, {t-l)p] = {t-l)p+d. 



t + l 



The formula now follows. 



(b) In the case of Ln, the formula follows directly from (5.18). 



□ 
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